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Abstract—This paper proposes an uncertainty modeling
method for the aggregated power flexibility of DERs. Basically,
both outer and inner approximated power-energy boundary
models are utilized to describe the aggregated flexibility of con-
trollable DERs. These power and energy boundary parameters
are uncertain because the availability of controllable devices, such
as electric vehicles and thermostatically controlled loads, cannot
be precisely predicted. The optimal operation problem of the ag-
gregator is thus formulated as chance-constrained programming
(CCP). Then, a flexibility envelope searching algorithm based on
the ALSO-X+ method is proposed to solve the CCP, the result of
which is a conservative approximation of the original CCP but not
as conservative as the Conditional Value-at-Risk approximation.
After optimizing the aggregated power of the group of DERs,
the decision at the aggregator level is disaggregated into the
flexibility regions of individual DERs. Finally, the numerical test
demonstrates the effectiveness and robustness of the proposed
method.

Index Terms—Aggregated flexibility, chance-constrained pro-
gramming, distributed energy resources, flexibility modeling and
identification, uncertainty modeling.

I. INTRODUCTION

Renewable energy generations, such as wind and solar
power, are increasingly integrated into power systems for
environmental concerns and sustainability [1]. The intermittent
nature of these renewable energies poses challenges to the
electricity supply and demand balance and, thus, increases
the need for flexibility in the power system operation. In
this context, flexibilities provided by demand-side distributed
energy resources (DERs), e.g., electric vehicles (EVs), dis-
tributed energy storage systems (DESSs), rooftop photo-
voltaics (PVs), and heating, ventilation, and air conditioning
systems (HVACs), are expected to play a critical role in future
power systems [2]. The flexibility, or the so-called operational
range, of a DER refers to the feasible region of its power
output. In the rest of this paper, we limit the term “power” to
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active power since it is the main quantity for dispatch decisions
and market strategies. Unlike conventional generators, the
flexibilities of DERs are affected by various uncertain factors,
such as the arrival and departure times of EVs [3] and the
ambient temperature of HVACs [4]. Therefore, it is important
to consider the uncertainty modeling of these small-scale
flexibility providers to leverage their potential flexibility to
enhance the security, economic efficiency, and robustness of
power systems operation with high penetration of renewables.

Small-scale DERs are usually dispatched in an aggregated
fashion due to their limited capacities [5], [6]. The identifica-
tion of their flexibility, thereby, is affected by the autonomous
operational patterns of individual DERs, which are hetero-
geneous and hard to predict. Therefore, it is important to
include the uncertainty modeling of the flexibility of DERs
for the day-ahead/hour-ahead operation of the DERs’ decision-
maker, e.g., the aggregator, the power market operator, or the
dispatch center. This uncertainty modeling aims to ensure that
an optimal and robust dispatch decision at an aggregation
level can also be feasible for the operational constraints of
individual DERs. Along this direction, there are two research
lines to address the flexibility identification of DERs with
modeling uncertainty: the first is to derive stochastic models
of individual DERs [7], [8] and then aggregate these models;
another line of research develops a deterministic aggregated
flexibility model and then introduces stochasticity into this
model, which is studied in this paper.

The reasons for choosing the second approach are as
follows. The uncertainty modeling of flexibility relies on
the prediction of parameters that are used to describe the
flexibility model. Predicting the flexibility of individual Dis-
tributed Energy Resources (DERs) is challenging due to their
operation’s inherent randomness. For instance, the timing of
EVs connecting to chargers is determined by the unpredictable
travel demands of the owners. This necessitates the adoption
of a highly conservative approach when constructing flexibility
models for individual DERs. When aggregating these DERs,
this conservativeness can lead to a significant underestimation
of the aggregated flexibility region or even potentially render
the aggregation process infeasible. For example, the homo-
thetic polytope-based Minkowski sum aggregation method
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described in [8] may face infeasibility issues when the connec-
tion times of two EVs do not overlap. Fortunately, predicting
the aggregated flexibility parameters of many DERs, including
the uncertainty, is easier due to the complementarity among
the uncertainties of DERs (Law of large numbers). Therefore,
we opt to define a deterministic aggregation model first and
then introduce stochasticity into this model.

The modeling of aggregated flexibility is known to be
NP-hard [9]. Prior research [9]–[14] has proposed various
approximated aggregation models, including outer and inner
approximations, to reduce the computational complexity of
the exact aggregation model. An outer approximation contains
the region of the exact aggregation model, which leads to an
optimistic prediction of the available aggregated flexibility. A
straightforward way to construct the outer approximation is
to choose a subset of the constraints in the exact model, e.g.,
constraints on the aggregated power and energy [9]–[11]. On
the other hand, an inner approximation determines a region
contained by the region of the exact aggregation model, which
is thus a conservative evaluation of the aggregated flexibility.
Inner approximation models are usually constructed by finding
the largest inscribed polytope, with a prescribed shape, in
the region of the exact aggregation model [12]–[14]. Note
that the inner approximations usually lead to a conservative
flexibility region, which inadvertently is robust with respect
to the potential uncertainty. However, the conservativeness of
this robustness is not properly quantified, so further work on
uncertainty modeling based on inner approximations is still
necessary.

In this paper, we choose chance-constrained programming
(CCP) as our approach to model the power-energy flexibility
boundaries. Many studies apply a Conditional Value-at-Risk
(CVaR) approximation to generate a tractable approximation
of CCPs, which has been widely used in power system
applications, e.g., dispatch problems [15], [16] and optimal
power flow [17], [18], due to its simplicity and convexity
preservation. Theoretically, the decision made by the CVaR
approximated CCP is more conservative than the result of
the original CCP [19]. However, when CVaR is applied to
chance constraints with double-sided inequalities, e.g., the
constraints in the flexibility model of DERs, it has deficiencies
because its inherent conservativeness can potentially transform
an originally feasible chance constraint into an infeasible refor-
mulation. In this paper, we proposed an uncertainty modeling
method for the aggregated flexibility based on ALSO-X+
[20], which is, in theory, also a conservative approximation
of CCPs but is less conservative than the decisions from
CVaR-based approaches. This method is expected to solve
the over-conservativeness and infeasibility problems of CVaR,
thereby facilitating the employment of DERs’ flexibility in
power systems.

Hence, in this paper, we propose a stochastic flexibility
modeling and identification method for aggregated DERs. We
formulate the deterministic aggregated flexibility as a power-
energy boundary model, which can be either an outer or inner
approximation depending on its boundary parameters [9], [14].

Using the historical data of operational patterns of DERs to
generate samples of the boundary parameters in the aggregated
flexibility model, we leverage the sample-based version of
ALSO-X+ approximated CCP to model the uncertainty of
power-energy boundaries. The proposed aggregation model
serves as an input to the decision-making at the aggregator
or a higher level (e.g., the transmission level). At this level,
there is always a tradeoff to be made between the compu-
tational efficiency of the decision problem and the modeling
details of individual DERs. The proposed method ensures that
the aggregated power profile determined by the upper layer
can be disaggregated to each DER with a small error for
execution without modeling the complete DER information
at the aggregator level. In numerical tests, we compare the
cost and risk of using ALSO-X+ and CVaR to approximate
the CCP, as well as the disaggregation errors of inner and
outer approximated aggregation models. The simulation results
and discussions provide insights into the performance of these
modeling approaches and enable DER aggregators to make
informed decisions about the choice of their flexibility models.

II. DETERMINISTIC AGGREGATED FLEXIBILITY MODEL

In the proposed approach, the deterministic flexibility aggre-
gation model serves as the basis for the uncertainty modeling.
This section starts with the individual flexibility model of
DER and then presents the deterministic flexibility aggregation
models.

A. Flexibility Modeling of Individual DERs

Although different DERs have various operational patterns,
their flexibility can be uniformly described by a power-energy
boundary model [10]. We now consider the operational period
to have T time slots with the length of ∆T . The flexibility of
each DER can be formulated as the following constraints:

p
i,t

≤ pi,t ≤ pi,t,∀t ∈ [T ],∀i ∈ N , (1a)

ei,t ≤ ∆T
∑t

τ=1
pi,τ ≤ ei,t,∀t ∈ [T ],∀i ∈ N , (1b)

where i/N denotes the indices/set of DERs, |N | = N ,
[T ] ≜ {1, 2, · · · , T}; pi,t ∈ R denotes the power consumption
variable of DER i at time t; p

i,t
∈ R, pi,t ∈ R, ei,t ∈ R,

and ei,t ∈ R are the power and energy boundary parameters
of DER i at time t. The power-energy boundary model (1)
describes the DER’s flexibility by limiting its maximal and
minimal power profiles and the fastest and slowest energy
consumption trajectories.

B. Outer and Inner Approximated Aggregation Models

A flexibility aggregation model refers to a feasible region
that contains all possible values for the aggregated power
variable Pt ≜

∑
i∈N pi,t,∀t ∈ [T ]. For the number of T time

slots, the total number of constraints in an exact aggregation
model is 2(2T−1) if we simply combine the flexibility regions
(1) of all individual DERs [9]. This exponentially growing
complexity with respect to the number of time steps leads to
high computational costs, and it is unsuitable for a large-scale
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multi-period decision problem. To reduce the computational
complexity, we use the approximate power-energy boundary
model to describe the aggregated flexibility of multiple DERs,
as follows:

P t ≤ Pt ≤ P t, ∀t ∈ [T ], (2a)

Et ≤ ∆T
∑t

τ=1
Pτ ≤ Et, ∀t ∈ [T ], (2b)

where P t ∈ R, P t ∈ R, Et ∈ R, and Et ∈ R are the power
and energy boundary parameters of the aggregator at time t,
calculated based on the individual boundary parameters.

The aggregator model (2) can be either an outer or inner
approximation depending on its boundary parameters. As for
the outer approximation, the parameters can be defined by
directly summing up the individual boundary parameters as
follows:
∀t ∈ [T ] :

P out
t ≜

∑
i∈N

p
i,t
, P

out
t ≜

∑
i∈N

pi,t,

Eout
t ≜

∑
i∈N

ei,t, E
out
t ≜

∑
i∈N

ei,t.

The power-energy boundary constraints in (2) specified by
(P out

t , P
out
t , Eout

t , E
out
t ),∀t ∈ [T ] are in fact a subset of the

constraints in the exact aggregation model, hence, the region
determined by these constraints contains the exact aggregated
feasible region, resulting in an outer approximation model [9].

Boundary parameters of an inner approximation model
defined by (P in

t , P
in
t , E

in
t , E

in
t ),∀t ∈ [T ] are calculated by

iteratively shrinking the boundaries of the outer approximation
based on its vertices outside the exact aggregation model [14].
Generally speaking, the power and energy envelopes of the
inner approximation model are narrower than those of the
outer approximation model, ensuring that the feasible region
defined by these ranges is inside the exact model. This fact
makes the inner approximation model more conservative than
the exact aggregation model, which, though not designed to
handle uncertainty, can make the inner approximation robust
to uncertain boundary parameters. However, this robustness to
the uncertainty has not been properly justified by probability
methods. Consequently, stochastic uncertainty modeling of
these boundary parameters is still of interest.

Overall, the outer and inner approximated power-energy
boundary models can both be used to describe the aggregated
flexibility. The boundary parameters in the outer and inner
approximation models are uncertain because they are calcu-
lated based on the individual parameters of DERs, which are
affected by unpredictable factors, e.g., the arrival and departure
time of EVs and the ambient temperature of HVACs. To
address this uncertainty, we compute these boundary parame-
ters based on historical datasets and then input the computed
parameters as historical samples into the following uncertainty
modeling.

III. UNCERTAINTY MODELING VIA THE ALSO-X+
APPROXIMATED CCP

In this section, we develop a stochastic model of aggregated
flexibility by considering the power-energy boundary parame-

ters in (2) as uncertain variables. For simplicity, we remove the
superscripts “in” and “out” and rewrite the constraints (2) in
a compact matrix form over the time horizon [T ], as follows:

AP ≤ ξ̃,

where

A ≜
[
I,−I,L⊤,−L⊤]⊤,P ≜ [P1, P2, ..., PT ]

⊤
,

I ≜


1

1
. . .

1

 , L ≜


1
1 1
...

...
. . .

1 1 · · · 1

 ,

ξ̃ ≜

[
P

⊤
,−P⊤,

E
⊤

∆T
,−E⊤

∆T

]⊤

,

P ≜
[
P 1, P 2, ..., PT

]⊤
, P ≜ [P 1, P 2, ..., PT ]

⊤
,

E ≜
[
E1, E2, ..., ET

]⊤
, E ≜ [E1, E2, ..., ET ]

⊤
.

The operator (·)⊤ calculates the vector/matrix transposition.
The constant coefficient matrix A ∈ R4T×T and the sub-
matrices I ∈ RT×T and L ∈ RT×T reformulate the power
and energy constraints in a matrix form. The random vector ξ̃
collects the uncertain power and energy boundaries with the
support set Ξ ⊆ R4T .

Since this paper focuses on uncertainty modeling of power-
energy boundaries, we consider the decision-making scenario
of the DER aggregator: optimizing the aggregator’s power
profile to minimize the total electricity cost, given as follows:

v∗ = min
P∈RT

c⊤P, (5a)

s.t. P
(
AP ≤ ξ̃

)
≥ 1− ϵ, (5b)

where c ∈ RT denotes the time-of-use electricity prices over
time period T , ϵ ≥ 0 is a prescribed risk level. Problem (5)
is a CCP that optimizes the aggregator’s total electricity cost
while ensuring that all constraints in the aggregated flexibility
model are simultaneously satisfied with a probability no less
than 1−ϵ. Constraint (5b) is a joint chance constraint including
4T inequalities.

Note that the above CCP (5) cannot be solved directly
as the distribution information P is unknown. As discussed
in Section II, we use historical data of individual DERs’
operational patterns to sample the uncertain variable ξ̃. We
assume that the support set Ξ is a finite set composed of a
limited number of samples, i.e., Ξ = {ξ1, ξ2, · · · , ξn} where
n denotes the number of samples. Then CCP (5) can be
reformulated as a tractable form via various approximation
methods, for instance, the CVaR approximation, which has
been widely used in the literature. However, the CVaR approx-
imation is often over-conservative. This conservativeness has
the potential of turning an originally feasible chance constraint
into an infeasible reformulation, especially in the case of the
uncertainty modeling of flexibility, where both the upper and
lower boundaries are uncertain variables. If the approximated
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chance constraint is infeasible, the aggregated power-energy
envelopes will be meaningless for further decision-making.

In this paper, we adopt a recently developed stochastic opti-
mization technique, i.e., the ALSO-X+ approximation method
[20], which is less conservative than CVaR. In the ALSO-X+
method, CCP (5) is first reformulated as the following sample-
based equivalent form:

v∗ = min v, (6a)
s.t. (P∗, s∗, z∗) =

argmin



∑n
i=1 zisi :

P ∈ RT , s ∈ Rn, z ∈ Rn,
c⊤P ≤ v,0 ≤ z ≤ 1, s ≥ 0,
1
n

∑n
i=1 zi ≥ 1− ϵ,

AP− ξi ≤ si,∀1 ≤ i ≤ n


, (6b)

∑n

i=1
z∗i s

∗
i = 0, (6c)

where s ≜ [s1, . . . , sn]
⊤ ∈ Rn is an auxiliary vector rep-

resenting the relaxation on the joint chance constraint for
each uncertain sample ξi, z ≜ [z1, . . . , zn]

⊤ ∈ Rn is also
an auxiliary vector representing the activation level of the
relaxation s. We use this bi-level optimization problem (6) to
equivalently (in the sense of a finite support set Ξ) represent
CCP (5). The upper-level problem determines the objective
value v. The lower-level problem (6b) minimizes the total
activated relaxation on the joint chance constraint under a
given v. Constraint (6c) ensures that the original joint chance
constraint (5b) is satisfied. This reformulation based on the
ALSO-X+ model controls the confidence level of the CCP by
constraining the total activation rate 1

n

∑n
i=1 zi to no less than

1−ϵ in the lower-level optimization (6b) and checking whether
the total relaxation of all activated constraints equals to zero
via constraint (6c).

There are two challenges in solving problem (6): one is how
to calculate the bi-level optimization, and the other is how to
solve the lower-level problem (6b) including the bilinear term
zisi in the objective. For the first challenge, since v is the only
variable in the upper-level problem, a bisection can be used
to find v∗. For the second, the lower-level problem is solved
by an alternating optimization process, that is, to iteratively
fix either z or s to solve the other. The proposed optimal
dispatch decision searching algorithm based on ALSO-X+
with uncertain flexibility modeling of DERs is summarized
in Algorithm 1.

The outer loop of Algorithm 1 is a bisection on objective v,
with the stopping criterion of a small enough gap between the
upper and lower boundaries vU and vL. When the ALSO-X+
approximated CCP is infeasible, the objective v will converge
to the upper bound vU. The number of iterations required for
the outer loop is proportional to log(vU − vL). The inner loop
solves problem (6b) by an alternating optimization with two
stopping criteria, Γk = 0 and ∆ < δ2. The first criterion,
Γk = 0, means that the lower-level problem (6b) has already
reached the optimum under the current objective function
value v and the solution Pk, because the lower bound of its
objective is 0. The second criterion, ∆ < δ2, means that the

Algorithm 1 The ALSO-X+ algorithm for approximately
solving CCP (5)

Input: Tolerence level δ1, δ2, upper and lower boundaries of
the objective value vU and vL

1: while vU − vL > δ1 do
2: Let v = (vU+vL)

2 , s0 = ∞, z0 = 1, Γ0 = ∞, k = 0
3: repeat
4: Solve

(
Pk+1, sk+1

)
= argmin


∑n

i=1 z
k
i si :

c⊤P ≤ v, s ≥ 0,
∀i ∈ {1, 2, ..., n} :
AP− ξi ≤ si


5: Solve

zk+1 = argmin


∑n

i=1 zis
k+1
i :

0 ≤ z ≤ 1,
1
n

∑n
i=1 zi ≥ 1− ϵ


6: Let k = k + 1, Γk =

∑n
i=1 z

k
i s

k
i , ∆ =

∣∣Γk − Γk−1
∣∣

7: until Γk = 0 or ∆ < δ2
8: Let vU = v if Γ = 0; otherwise, let vL = v
9: end while

Output: An optimizer Pk and its objective v∗

reduction of the lower objective is less than δ2. The inner
loop has a convergence guarantee because its objective is
monotonically non-increasing and has a lower bound of 0.
In the end, the output optimizer Pk of Algorithm 1 is a
conservatively approximated solution of the original CCP, but
less conservative than the solution calculated by CVaR.

IV. NUMERICAL STUDIES

In this section, we conduct numerical studies to compare
the proposed method and the CVaR-based approach1, with
respect to the cost efficiency, the conservativeness of decisions,
and the feasibility. Moreover, as an alternative basis for uncer-
tainty modeling, the outer and inner approximated flexibility
aggregation models are also compared in terms of costs and
disaggregation errors.

A. System Settings

We consider an aggregator with two types of DERs: EVs
and HVACs. Different cases are generated by adjusting the
numbers of EVs and HVACs in the aggregator. The arrival and
departure time and initial and expected states-of-charge of EVs
and thermal resistance and capacity of HVACs are generated
by random sampling, with the detailed parameters being the
same as in [9]. We consider the day-ahead optimization of the
aggregator with a time horizon of 24 hours and an interval of
∆T = 1 hour. The electricity price profile c is taken from the
NordPool day-ahead market price in France on August 11th,

1The detailed formulation of the CVaR approximated CCP in this case study
can be found in [19].
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Fig. 1. Changes in electricity cost and constraint violation rate during the
outer-loop iteration.

2023 [21]. The number of uncertain samples in the support
set is n = 20, and the convergence tolerances are set to δ1 =
δ2 = 10−4.

All simulations are performed on a laptop with an 8-
core Intel i7-1165G7 CPU and 32-GB RAM, programmed by
MATLAB [22], and solved by Cplex [23].

B. Convergence of the ALSO-X+ Algorithm
In the first case study, we consider an aggregator having

20 EVs and 20 HVACs and set the risk level ϵ = 0.1.
The initial upper and lower boundaries of the objective are
vU = 100 EUR, and vL = 0. Based on the outer ap-
proximated power-energy boundary model that is defined by
(P out

t , P
out
t , Eout

t , E
out
t ),∀t ∈ [T ], we implement the ALSO-X+

algorithm to solve CCP (5).
Fig. 1 shows the changes in the electricity cost and the

constraint violation rate2 at each outer-loop iteration. It can be
seen that the changes in the electricity cost and the constraint
violation rate gradually decrease as the iteration continues.
Convergence is achieved after 20 iterations, taking 1.4410
seconds, which meets the requirements for day-ahead decision-
making problems. In intraday decision-making, the number of
time slots considered is fewer than in day-ahead decision-
making (e.g., the North China Power Grid looks forward
1 hour with a 15-minute interval in intraday dispatch, so
aggregators there consider four slots in their intraday decision-
making process), resulting in fewer constraints in the flexibility
model and less computation time. Moreover, the time required
for this iterative computation process does not increase with
the number of DERs since the uncertainty modeling is based
on the aggregated flexibility model of DERs, which enables
the high scalability of the proposed method. In the final
solution, the aggregator’s electricity cost is 66.09 EUR, and the
constraint violation rate reaches the pre-set risk level of 0.1.
These results show that the ALSO-X+ algorithm can converge
quickly and is able to control the risk level precisely.

C. Comparison between ALSO-X+ and CVaR
Following the configuration of the aggregator and the outer

approximated flexibility aggregation model as in the previous

2The constraint violation rate is measured by counting that for how many
i-s in {1, 2, ..., n}, any line in constraint AP− ξi ≤ 0 is violated.
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Fig. 2. Results of ALSO-X+ and CVaR under different ϵ when the aggregator
has 20 EVs and 20 HVACs.

subsection, we use both ALSO-X+ and CVaR to approxi-
mately solve CCP (5) under different risk levels ϵ.

Fig. 2 shows the electricity cost and the constraint violation
rate calculated by the two methods. In general, cost decreases
with the increase of the risk level ϵ. An exception occurs
when the risk level ϵ = 0.35, where ALSO-X+ identifies a
solution with a lower cost than for ϵ = 0.4. This variability in
results is due to the ALSO-X+ algorithm’s design to compute
approximate solutions for CCPs, and a better approximation
is found in the case of ϵ = 0.35. Nonetheless, we emphasize
that, with a theoretical guarantee [20], the solution obtained by
ALSO-X+ will never be more conservative than that calculated
by CVaR at the same risk level ϵ. Empirical evidence in
Fig. 2(b) shows that the constraint violation rate of ALSO-
X+ is precisely controlled at the predetermined risk level ϵ,
whereas the violation rate for CVaR is significantly lower
than the pre-set value. This phenomenon demonstrates the
inherent conservativeness of CVaR, which directly leads to
higher costs calculated by CVaR compared to ALSO-X+ for
an identical risk level ϵ, shown in Fig. 2(a). These results
verify the advantages of the ALSO-X+ algorithm.

Now, we change the number of DERs in the aggregator to
10 EVs and 30 HVACs. In this case, several upper energy
boundary samples are lower than the highest lower boundary,
as shown in Fig. 3, which can lead to potential infeasibility
of the optimization problem. Samples of the power boundaries
are not shown here since energy boundary samples are enough
to explain the crossover of the upper and lower boundaries.

Again, we use the ALSO-X+ and CVaR approximations to
solve CCP (5). The obtained costs and constraint violation
rates under different risk levels ϵ are shown in Fig. 4. It is
observed that the ALSO-X+ approximated CCP is feasible
when ϵ ≥ 0.05, while the CVaR approximated CCP stays
infeasible until ϵ ≥ 0.25. Hence, the ALSO-X+ approximation
enables a wider adjustment range for the aggregator’s cost and
constraint violation rates compared to the CVaR approxima-
tion. Again, as pointed out in the first case, even when the
constraint violation rate is the same, for example, ϵ = 0.05,
the cost calculated by the ALSO-X+ approximation is still
lower than the costs calculated by the CVaR approximation.

Finally, we test a case of 30 EVs and 10 HVACs, where
there are more crossovers between the samples of the upper
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Fig. 4. Results of ALSO-X+ and CVaR under different ϵ when the aggregator
has 10 EVs and 30 HVACs. The missed parts of the lines are due to the
infeasibility of the CCP: the ALSO-X+ approximated CCP is feasible when
ϵ ≥ 0.05, and the CVaR approximated CCP is feasible when ϵ ≥ 0.25.

and lower boundaries. In this case, the CVaR approximation
is infeasible independent of the value for ϵ ∈ [0, 1), while
the ALSO-X+ approximation is feasible for ϵ ≥ 0.3. This
result is also caused by the conservativeness of the CVaR
approximation, further indicating the benefits of using the
ALSO-X+ approximation rather than CVaR.

D. Comparison between the Outer and Inner Approximated
Flexibility Aggregation Models

This subsection aims to compare the impact of outer and
inner approximated flexibility aggregation models on the op-
timization results. As the superior performance of the ALSO-
X+ approximation over CVaR in the term of conservativeness
is already demonstrated in the previous subsection, we only
use the ALSO-X+ approximation to solve CCP (5) in this
subsection.

The difference between inner and outer approximated aggre-
gation models is mainly reflected when disaggregating the total
power of the aggregator into operational regions of individual
DERs. Specifically, after we solve CCP (5), the obtained
optimal dispatch decision P ∗

t ,∀t ∈ [T ] of the aggregator
should be disaggregated to each DER for execution according
to their individual operational regions, which can be done by

solving the below optimization problem:

err = min

T∑
t=1

(Pt − P ∗
t )

2
, (7a)

s.t. Pt =
∑
i∈N

pi,t,∀t ∈ [T ], (7b)

p
i,t

≤ pi,t ≤ pi,t,∀t ∈ [T ],∀i ∈ N , (7c)

ei,t ≤ ∆T
∑t

τ=1
pi,τ ≤ ei,t,∀t ∈ [T ],∀i ∈ N , (7d)

where Pt,∀t ∈ [T ] denotes optimal aggregated dispatch
power that can be disaggregated and assigned to individual
DERs, and the boundary parameters (p

i,t
, pi,t, ei,t, ei,t) are

specified based on the actual data of individual DERs. The
objective err, called disaggregation error, is the squared error
between the power profile Pt,∀t ∈ [T ] that can be actually
disaggregated and the optimal aggregated dispatch decision
P ∗
t ,∀t ∈ [T ] from Algorithm 1.
Again, we use the previous case of an aggregator with 20

EVs and 20 HVACs. The disaggregation error is quantified on
a total of 50 test scenarios of individual DER information that
are randomly sampled using the same parameters from which
the previous sample set Ξ is generated. The disaggregation
error err is normalized by

errnorm =

√
err∑T

t=1 |P ∗
t |

to eliminate the influence of the absolute power value.
Fig. 5 shows the tradeoff between the cost and disaggrega-

tion error using both the outer and inner approximated flex-
ibility aggregation models for uncertainty modeling. Results
of different costs and disaggregation errors are obtained by
adjusting the risk parameter ϵ in the optimization problem. In
general, the decrease in error is accompanied by an increase
in cost. Within the cost range of the inner approximation,
roughly between 43 EUR and 70 EUR, the disaggregation
error of the outer approximation is similar to that of the
inner approximation. However, the outer approximation has a
wider range of costs and disaggregation errors than the inner
approximation. From the perspective of being able to choose
a tradeoff between error and cost efficiency, the outer approx-
imated flexibility aggregation model is more advantageous as
a choice of uncertainty modeling in this case.

When adding additionally a 25 kW/100 kWh battery and
a 30 kW PV to the 20 EVs and 20 HVACs, we observe
different results. Following the above simulation steps, we also
calculate the relationship between the cost and disaggregation
error, as shown in Fig. 6. Although the range of the cost and
error of the outer approximation is still wider than that of
the inner approximation, the inner approximation has a lower
disaggregation error than the outer approximation at the same
cost. Hence, in this test case, the inner approximation is more
advantageous as an alternative to modeling the uncertainty of
power-energy boundaries.

In addition to these two cases, we have also tested other
combinations of DERs, arriving at conclusions similar to
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Fig. 5. Relationship between cost and disaggregation error using the outer and
inner approximated power-energy boundary model as the basis of uncertainty
modeling when the aggregator has 20 EVs and 20 HVACs.
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Fig. 6. Relationship between cost and disaggregation error using the outer and
inner approximated power-energy boundary model as the basis of uncertainty
modeling when the aggregator has 20 EVs, 20 HVACs, a 25kW/100kWh
DESS, and 30 kW installed PV.

one of the two aforementioned results. In summary, there
is no definitive conclusion on whether the inner or outer
approximation model is superior for modeling uncertainty
under different compositions of aggregators. Therefore, we
recommend that the aggregator tests both the inner and outer
approximations to model the aggregated flexibility envelops
and evaluates their performance with respect to cost efficiency
and disaggregation error.

V. CONCLUSIONS

This paper proposes an uncertainty modeling method for
the aggregated flexibility of DERs. We use the power-energy
boundary model with both inner and outer approximated
parameters to describe the aggregated flexibility of multiple
DERs. These boundary parameters are uncertain variables
because they are affected by all DERs in the aggregator.

Modeling the aggregator’s optimization with uncertainty as a
CCP, the ALSO-X+ algorithm is used to solve it approximately
to get the reference load profile of the aggregator. The ALSO-
X+ approximation is less conservative than the conventional
CVaR approximation, enabling a wider range for cost and
risk (i.e., the rate of constraint violation) and solving the
infeasibility problem of CVaR.

A potential limitation in the simulations is that we used
electricity price data and DER parameters from different
sources. However, consistent data was not available at this
stage of the work. Nevertheless, the presented simulations can
still be used to verify the advantages of the proposed method
over CVaR.

The proposed uncertainty modeling approach has a broad
application to different power system operation problems, such
as the aggregator’s bidding strategy in power markets, the
ancillary provision with multiple DER aggregators, and others.
Future work will focus on developing the proposed flexibility
modeling for the different application scenarios according to
their distinct attributes and requirements.
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